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Linear algebra

We will review some basic concepts in linear algebra.

Vectors

Matrices

Dot product

Cross product

Matrix-vector multiplication

Basis vectors

Change of basis

Eigenvalues and eigenvectors

Singular Value Decomposition
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Vectors

A vector x is a one-dimensional array of numbers. By convention, we
represent vectors as column vectors. e.g.:

x =

x1
...
xN


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Matrices

A matrix A is a two-dimensional array of numbers. By convention, we
represent matrices as:

A =

a11 . . . a1M
...

. . .
...

aN1 . . . aNM


This is a N ×M matrix. If it is real valued, we then say that A ∈ RN×M .
A vector is just a RN×1 matrix.
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Inner product

The inner product of two n-dimensional vectors x and y , is defined as:

x · y = xT y = yT x =
N∑
i=1

xiyi = [x1, . . . , uN ]

y1
...
yN

 ∈ R
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Cross product

The outer product of two n-dimensional vectors x and y , is defined as:

x × y = xyT = (yxT )T =

x1
...
xN

 [
y1, . . . , yN

]

=

x1y1 . . . x1yN
...

. . .
...

xNy1 . . . xNyN

 ∈ RN×N
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Matrix-vector multiplication

Let A ∈ RN×M and x ∈ RM , then Ax is defined as:

Ax =

a11 . . . a1M
...

. . .
...

aN1 . . . aNM


 x1

...
xM

 =

 | | |
a1 a2 . . . aM
| | |


 x1

...
xM


=

M∑
i=1

xiai ∈ RN

Where ai is the i th column of A.
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Matrix-vector multiplication

Alternatively, we can write Ax as:

Ax =

a
T
1
...
aTN

 x =

a
T
1 x
...

aTNx


Where aTi is the i th row of A.
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Matrix-matrix multiplication

Let A ∈ RN×M and B ∈ RM×P , then AB is defined as:

AB =
[
a1 . . . aM

] b
T
1
...
bTP

 =
M∑
i=1

aib
T
i ∈ RN×P

Where ai is the i th column of A and bTi is the i th row of B.
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Matrix-matrix multiplication

Alternatively, we can write AB as:

AB =

a
T
1
...
aTN

 =

a
T
1
...
aTN

 [
b1 . . . bP

]
=

a
T
1 b1 . . . aT1 bP
...

. . .
...

aTNb1 . . . aTNbP

 =

a
T
1 B
...

aTNB


Where aTi is the i th row of A and bj is the j th column of B.
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Matrix-matrix multiplication

In another form, we can write AB as:

AB = A
[
b1 . . . bP

]
=

[
Ab1 . . . AbP

]
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Matrix-matrix multiplication

Lastly, we can compute each element of AB using:

(AB)ij =
M∑
k=1

aikbkj
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Matrix inversion

The inverse of a square matrix A, denoted as A−1, is defined as:

AA−1 = A−1A = I

Where I is the identity matrix.
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Matrix inversion

For a 2× 2 matrix A =

[
a b
c d

]
, the inverse is:

A−1 =
1

ad − bc

[
d −b
−c a

]
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Basis vectors

A basis is a set of linearly independent vectors that span the space. The
standard basis vectors are:

ei =



0
...
0
1
0
...
0


where the 1 is at the i th position.

Tutorial 3: Review of Linear Algebra January 29, 2026 15 / 44



Basis vectors example

The standard basis vectors in 2D are:

e1 =

[
1
0

]
e2 =

[
0
1

]

−2 −1 1 2

−2

−1

1

2

x

y

Tutorial 3: Review of Linear Algebra January 29, 2026 16 / 44



Basis vectors example

As an example, the vector x =

[
2
3

]
can be represented as:

x = 2

[
1
0

]
+ 3

[
0
1

]

−1 1 2 3 4

−1

1

2

3

4

x

y
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Change of basis

But we can also represent x in another basis B. Suppose that we have:

b̂1 =

[
2
1

]
b̂2 =

[
−1
1

]
Then if we take a linear combination of b̂1 and b̂2, we can represent a
point as:

x = −1b̂1 + 2b̂2 = −1

[
2
1

]
+ 2

[
−1
1

]
=

[
−4
1

]
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Change of basis

x = −1

[
2
1

]
+ 2

[
−1
1

]
=

[
−4
1

]

−4 −2 2

−2

−1

1

2

3

b̂1b̂2x

x

y
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Change of basis

In order to change the basis of a vector, we can use a matrix A that
transforms the vector from basis B to basis C .
Say we put the basis vectors in a matrix B:

B =
[
b̂1 b̂2

]
=

[
2 −1
1 1

]
Suppose that a vector x is represented in B as:

xB =

[
−1
2

]
meaning that x = −1b̂1 + 2b̂2.
Then the vector x can be transformed back to the original basis as:

x = BxB

Here, xB =

[
−1
2

]
so x = BxB =

[
−4
1

]
.
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Change of basis

You can view this as a transformation of the vector [−1, 2]T into [−4, 1]T

using a matrix B, i.e., B is a linear transformation from xB to x .
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Linear transformation

A linear transformation is a map, T (x), such that for all vectors x , y and
scalars a:

T (ax + y) = aT (x) + T (y)

In the context of matrices, linear transformations are equivalent to

T (x) = Ax

for A a matrix. Furthermore, a matrix A ∈ RN×M defines a linear
transform from RM to RN , i.e., T : RM → RN .
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Linear transformation

Suppose that A =

[
3 1
0 2

]
, then T (x) = Ax is a linear transformation. Say

x = î =

[
1
0

]
, then T (î) = Aî =

[
3
0

]
.

Interestingly, T (î) is in the same direction as î , but scaled by a factor of 3!

Now say we have x = ĵ =

[
0
1

]
, then T (ĵ) = Aĵ =

[
1
2

]
.

This time T (ĵ) is not in the same direction as ĵ , i.e., it has been rotated
and scaled.
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Linear transformation

Now say we have x =

[
−1
1

]
, then T (x) = Ax =

[
−2
2

]
= 2

[
−1
1

]
.

Again, T (x) is in the same direction as x , but scaled by a factor of 2. This
means that all the vectors in the direction of x will only be scaled after
applying the transformation and they won’t be rotated. These vectors are
called eigenvectors for the matrix A.
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Eigenvalues and eigenvectors

The eigenvectors of a matrix A are the vectors that are only scaled by a
factor after applying the transformation T (x) = Ax . The scaling factor is
called the eigenvalue. The eigenvectors and eigenvalues of a matrix A are
the solutions to the equation:

Av = λv

Where v is the eigenvector and λ is the eigenvalue.
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Eigenvalues and eigenvectors

Rewriting the equation Av = λv gives:

(A− λI )v = 0

Where I is the identity matrix. This equation has a non-trivial solution if
the determinant of the matrix A− λI is zero. This gives the characteristic
equation:

det(A− λI ) = 0
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Eigenvalues and eigenvectors

Suppose that we have a matrix A =

[
3 1
0 2

]
. The characteristic equation

is:

det(A− λI ) = det

([
3− λ 1
0 2− λ

])
= (3− λ)(2− λ) = 0

Solving this equation gives λ = 3, 2.
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Eigenvalues and eigenvectors

det(A− λI ) = det

([
3− λ 1
0 2− λ

])
= (3− λ)(2− λ) = 0

Solving this equation gives λ = 3, 2. For λ = 3, the eigenvector is:

Av = 3v →
[
3 1
0 2

] [
v1
v2

]
= 3

[
v1
v2

]
This gives 3v1 + v2 = 3v1 and 2v2 = 3v2. This means that v2 = 0 and

v1 = 1. So the eigenvector for λ = 3 is v =

[
1
0

]
.
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Eigenvalues and eigenvectors

For λ = 2, the eigenvector is:

Av = 2v →
[
3 1
0 2

] [
v1
v2

]
= 2

[
v1
v2

]
This gives 3v1 + v2 = 2v1 and 2v2 = 2v2. This means that v2 could be any
value, say v2 = 1 so 3v1 + 1 = 2v1. This gives v1 = −1 and v2 = 1. So

the eigenvector for λ = 2 is v =

[
−1
1

]
. In practice, we normalize the

eigenvectors to have a unit length. So the eigenvector is v =

[
−1/

√
2

1/
√
2

]
.

Tutorial 3: Review of Linear Algebra January 29, 2026 29 / 44



Eigenvalues and eigenvectors

The eigenvectors and eigenvalues of the matrix A =

[
3 1
0 2

]
are:

λ = 3, v =

[
1
0

]
λ = 2, v =

[
−1/

√
2

1/
√
2

]
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Eigenvalue decomposition

We can put all the eigenvectors in a matrix V and all the eigenvalues in a
diagonal matrix Λ. Using the definition of eigenvectors and eigenvalues, we
can write:

AV = VΛ

Now (under some conditions), if we multiply both sides by V−1, we get:

A = VΛV−1
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Eigenvalue decomposition

The eigenvalue decomposition of a matrix A is:

A = VΛV−1

Where V is a matrix of eigenvectors and Λ is a diagonal matrix of
eigenvalues. E.g., for a 2× 2 matrix A:

A =
[
v1 v2

] [λ1 0
0 λ2

] [
v1 v2

]−1
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Eigenvalue decomposition

For a symmetric matrix A, the eigenvalues are real and the eigenvectors
are orthogonal. This means that the matrix A can be decomposed as:

A = VΛV T

Where V is a matrix of eigenvectors and Λ is a diagonal matrix of
eigenvalues.
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Singular Value Decomposition

In certain applications, we need to represent a matrix using lower rank
matrices. Say we have a matrix A ∈ RN×M , then we want to represent it
as:

A = σ1u1v
T
1 + · · ·+ σrurv

T
R

This means that we want to represent A as a sum of rank-1 matrices (each
uiv

T
i is a rank-1 matrix as it is the outer product of two vectors).
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Singular Value Decomposition

We can rewrite this summation as a matrix multiplication:

A = UΣV T

Where U and V are orthogonal matrices and Σ is a diagonal matrix of
singular values.
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Singular Value Decomposition

The Singular Value Decomposition (SVD) of a matrix A is:

A = UΣV T

Where U and V are orthogonal matrices and Σ is a diagonal matrix of
singular values.
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Singular Value Decomposition

In order to compute the SVD of a matrix A, we can use the eigenvectors
and eigenvalues of ATA and AAT .
We can form ATA as:

ATA = (UΣV T )TUΣV T = VΣTUTUΣV T = VΣTΣV T

Keep in mind UTU = I , as U is an orthogonal matrix.
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Singular Value Decomposition

Now if we define D = ΣTΣ, then ATA = VDV T , which reminds us of the
eigenvalue decomposition!
This means that the eigenvectors of ATA are the columns of V and the
eigenvalues are the diagonal elements of D.
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Singular Value Decomposition

Similarly, we can form AAT as:

AAT = UΣV TVΣTUT = UΣΣTUT

If we define D = ΣΣT , then AAT = UDUT . This means that the
eigenvectors of AAT are the columns of U and the eigenvalues are the
diagonal elements of D.
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Singular Value Decomposition

Example: Let A =

[
1 1 0
0 0 1

]
. We can compute the SVD of A as:

ATA =

1 0
1 0
0 1

[
1 1 0
0 0 1

]
=

1 1 0
1 1 0
0 0 1


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Singular Value Decomposition

To get the eigenvalues of ATA, we can solve the characteristic equation:

det(ATA− λI ) = 0

det

1− λ 1 0
1 1− λ 0
0 0 1− λ

 = 0

This gives λ = 2, 1, 0.
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Singular Value Decomposition

Following the equation ATAv = λv , we can find the eigenvectors of ATA.
The eigenvectors of ATA are:

V =

1/
√
2 0 1/

√
2

1/
√
2 0 −1/

√
2

0 1 0


The singular values are the square roots of the eigenvalues of ATA, i.e.,
σ =

√
2, 1, 0.
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Singular Value Decomposition

The eigenvectors of AAT are:

U =

[
1 0
0 1

]
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Singular Value Decomposition

Putting all together, the SVD of A is:

A = UΣV T =

[
1 0
0 1

] [√
2 0 0
0 1 0

]1/
√
2 1/

√
2 0

0 0 1

1/
√
2 −1/

√
2 0


Which if you multiply the matrices, you will get back the original matrix A!
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