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Linear algebra

We will review some basic concepts in linear algebra.
@ Vectors

Matrices

Dot product

Cross product

Matrix-vector multiplication

Basis vectors

Change of basis

Eigenvalues and eigenvectors

Singular Value Decomposition
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Vectors

A vector x is a one-dimensional array of numbers. By convention, we
represent vectors as column vectors. e.g.:

X1

XN
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N
Matrices

A matrix A is a two-dimensional array of numbers. By convention, we
represent matrices as:

a1l ... aim
A=

ani ... danm

This is a N x M matrix. If it is real valued, we then say that A € RVxM,
A vector is just a RV*1 matrix.
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Inner product

The inner product of two n-dimensional vectors x and v, is defined as:

N n
xoy=xTy=y'x=3 xyi=pa,...,un] | : | €R
i=1 YN
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Cross product

The outer product of two n-dimensional vectors x and y, is defined as:

X1
xxy:xyT:(yxT)T: 5 [yl,...
XN
Xiyr ... X1YN
— GRNXN
XNYr ... XNYN
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Matrix-vector multiplication

Let A€ RV*M and x € RM, then Ax is defined as:

a1 ... aimMm X1 | | | X1
Ax = = aiy a» ... am -

ani ... danm XM | | | XM
M
= ZX,'Q; € RN
i=1

Where a; is the it" column of A.
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Matrix-vector multiplication

Alternatively, we can write Ax as:

T T
aj a; x
Ax = X = :
T T
ay ayx

Where a] is the it row of A.
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Matrix-matrix multiplication

Let A € RV*M and B € RM*P then AB is defined as:

bl wm
AB=[a1...ay| | : | =) ab] eRVP
b; i=1

Where a; is the it column of A and b/ is the it row of B.
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Matrix-matrix multiplication

Alternatively, we can write AB as:

T T T T T
AB=|:|=|:|[br ... bp]=| + 1+ |=]|":
aﬁ aﬁ a%bl - aﬁbp aLB

Where a/ is the it row of A and b; is the j® column of B.
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Matrix-matrix multiplication

In another form, we can write AB as:

AB=A[bi ... bp]=[Abr ... Abp]
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Matrix-matrix multiplication

Lastly, we can compute each element of AB using:

M

(AB)j =) aiby

k=1
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Matrix inversion

The inverse of a square matrix A, denoted as A%, is defined as:
AATL = ATIA=

Where [ is the identity matrix.
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Matrix inversion

For a 2 x 2 matrix A = [j_ b], the inverse is:

d

1 d —-b
_1 _
A= ad — bc [—c a ]
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Basis vectors

A basis is a set of linearly independent vectors that span the space. The
standard basis vectors are:

0

€ = 1

where the 1 is at the it position.

Tutorial 3: Review of Linear Algebra January 29, 2026 15 /44



Basis vectors example

The standard basis vectors in 2D are:

] -l

-2 1
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Basis vectors example

2
As an example, the vector x = [3

o

] can be represented as:

'y

-1 1 2 3 4
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-
Change of basis

But we can also represent x in another basis B. Suppose that we have:

he ] w=[

Then if we take a linear combination of 131 and Bg we can represent a

point as:
A A 2 -1 —4
R
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NS
Change of basis
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-
Change of basis

In order to change the basis of a vector, we can use a matrix A that
transforms the vector from basis B to basis C.
Say we put the basis vectors in a matrix B:

A A 2 -1
B=|b b= L 1}
Suppose that a vector x is represented in B as:
= -1
B2
meaning that x = —1131 + 232.
Then the vector x can be transformed back to the original basis as:

x = Bxg
-1 —4
Here, xg = [2 so x = Bxg = 1|
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-
Change of basis

You can view this as a transformation of the vector [-1,2]" into [-4,1]7
using a matrix B, i.e., B is a linear transformation from xg to x.
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Linear transformation

A linear transformation is a map, T(x), such that for all vectors x,y and
scalars a:

T(ax+y)=aT(x)+ T(y)

In the context of matrices, linear transformations are equivalent to
T(x) = Ax

for A a matrix. Furthermore, a matrix A € RV*M defines a linear
transform from RM to RN, ie., T:RM — RN,
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Linear transformation

Suppose that A = [g ;] then T(x) = Ax is a linear transformation. Say

x— i [(1)] then T(7) = A7 = [g]

Interestingly, T(ﬁ is in the same direction as /, but scaled by a factor of 3!
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N
Linear transformation

31
0 2

x— i [(1)] then T(7) = A7 = [g]

Interestingly, T(ﬁ is in the same direction as /, but scaled by a factor of 3!

Now say we have x = j = [ﬂ then T(j) = Aj = B]

This time T(D is not in the same direction as J, i.e., it has been rotated
and scaled.

Suppose that A = [ ] then T(x) = Ax is a linear transformation. Say
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Linear transformation

Now say we have x = [_11] then T(x) = Ax = [_22} =2 [_11]

Again, T(x) is in the same direction as x, but scaled by a factor of 2. This
means that all the vectors in the direction of x will only be scaled after
applying the transformation and they won’t be rotated. These vectors are
called eigenvectors for the matrix A.
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Eigenvalues and eigenvectors

The eigenvectors of a matrix A are the vectors that are only scaled by a
factor after applying the transformation T(x) = Ax. The scaling factor is
called the eigenvalue. The eigenvectors and eigenvalues of a matrix A are
the solutions to the equation:

Av = \v

Where v is the eigenvector and X is the eigenvalue.
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Eigenvalues and eigenvectors

Rewriting the equation Av = \v gives:
(A=X)v=0

Where | is the identity matrix. This equation has a non-trivial solution if
the determinant of the matrix A — Al is zero. This gives the characteristic

equation:
det(A—A)=0
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Eigenvalues and eigenvectors

Suppose that we have a matrix A = [g ﬂ . The characteristic equation
is:

3—-A 1
det(A—)\I)_det<[ 0 2_)\})_(3—)\)(2—)\)_0

Solving this equation gives A = 3, 2.
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Eigenvalues and eigenvectors

3—A 1
det(A—Al)-det([ 0 2_/\})—(3—)\)(2—)\)—0
Solving this equation gives A = 3,2. For A\ = 3, the eigenvector is:
_ 3 1| |vi| _,|v
Av =3v — [O 2] [V2] =3 [Vz]

This gives 3v; + v» = 3v; and 2v» = 3v,. This means that v» = 0 and

vi = 1. So the eigenvector for A =3 is v = [(ﬂ .
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Eigenvalues and eigenvectors

For A = 2, the eigenvector is:

o 31 Vi
Av =2v — [0 2} [Vz]

-2
Vo
This gives 3v; + vo = 2v3 and 2vo» = 2v,. This means that v, could be any

value, say vo = 1s03v; +1 =2vy. This gives vy = —1 and v» = 1. So

-1 . .
]. In practice, we normalize the

1
_1/\/5}

eigenvectors to have a unit length. So the eigenvector is v =
g g g [ 1/\/5

the eigenvector for A =2 is v = [
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Eigenvalues and eigenvectors

The eigenvectors and eigenvalues of the matrix A = B ;] are:

| amrem i
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Eigenvalue decomposition

We can put all the eigenvectors in a matrix V' and all the eigenvalues in a

diagonal matrix A. Using the definition of eigenvectors and eigenvalues, we
can write:

AV = VA

Now (under some conditions), if we multiply both sides by V!, we get:

A= VAV
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Eigenvalue decomposition

The eigenvalue decomposition of a matrix A is:
A= VAV

Where V is a matrix of eigenvectors and A is a diagonal matrix of
eigenvalues. E.g., for a 2 x 2 matrix A:

a=ln ol g 2l vl
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Eigenvalue decomposition

For a symmetric matrix A, the eigenvalues are real and the eigenvectors
are orthogonal. This means that the matrix A can be decomposed as:

A=VAVT

Where V' is a matrix of eigenvectors and A is a diagonal matrix of
eigenvalues.
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Singular Value Decomposition

In certain applications, we need to represent a matrix using lower rank
matrices. Say we have a matrix A € RV*M  then we want to represent it

as:
T T
A=o1u1vy +---+o0rUvp

This means that we want to represent A as a sum of rank-1 matrices (each
u,-v,-T is a rank-1 matrix as it is the outer product of two vectors).
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Singular Value Decomposition

We can rewrite this summation as a matrix multiplication:
A=UxVT

Where U and V are orthogonal matrices and X is a diagonal matrix of
singular values.
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Singular Value Decomposition

The Singular Value Decomposition (SVD) of a matrix A is:
A=UzVvT

Where U and V are orthogonal matrices and X is a diagonal matrix of
singular values.
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Singular Value Decomposition

In order to compute the SVD of a matrix A, we can use the eigenvectors
and eigenvalues of AT A and AAT.
We can form AT A as:

ATA=(uzvHTuzvT =vTuTuzv’ =vr'svT’

Keep in mind UT U = I, as U is an orthogonal matrix.
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Singular Value Decomposition

Now if we define D = XY, then ATA = VDV, which reminds us of the

eigenvalue decomposition!
This means that the eigenvectors of AT A are the columns of V and the

eigenvalues are the diagonal elements of D.
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Singular Value Decomposition

Similarly, we can form AAT as
AAT = uzvTvsTuT = uzxzTu’

If we define D = XX 7, then AAT = UDU. This means that the

eigenvectors of AAT are the columns of U and the eigenvalues are the
diagonal elements of D.
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Singular Value Decomposition

Example: Let A= [3 é 1].We can compute the SVD of A as:
10 110
ATAzlo[é(l)(l)]—llo
01 0 01
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Singular Value Decomposition

To get the eigenvalues of AT A, we can solve the characteristic equation:
det(ATA—AI) =0

1-2A 1 0
det 1 1-A 0 =0
0 0 1-A

This gives \ = 2, 1,0.
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Singular Value Decomposition

Following the equation AT Av = \v, we can find the eigenvectors of AT A.
The eigenvectors of AT A are:

1/vV2 0 1/V2
V=11/vV2 0 -1/V2
0o 1 0

The singular values are the square roots of the eigenvalues of AT A, i.e.,

o=+2,1,0.
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Singular Value Decomposition

The eigenvectors of AAT are:

o=l
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Singular Value Decomposition

Putting all together, the SVD of A is:

A:UZVT:[l OH\@OO} 1/(;/§ 1/8/52
0 1/]0 1 0 IV V3 0

Which if you multiply the matrices, you will get back the original matrix Al
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