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Quick Recap: Classification with Confidence

Classifying with Maximal Margin

We try to find linear classifier with maximal margin to support vectors

Margin

Introduction to Machine Learning Lecture 9 © A. Bereyhi 2025 2/32



Quick Recap: Support Vector Classifier
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Quick Recap: SVC Formulation

Training with maximal margin then looks like

T

1
max —— subject to v,w x, = 1foralln

v [[wll

which can be alternatively written as

maximum margin — | min||w||? | subject to | v, w2, > 1|« no error
W
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Today’s Agenda: Support Vector Classifier
Today, we find the solution to classification with maximal margin, i.e.
Support Vector Classifier

In this way, we discuss the following topics
¢ We find out what the support vectors are
® We understand how SVC applies cross-validation
e We understand how to handle outliers and enable misclassification

¢ This motivates us to think about nonlinear patterns too
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Back to SVC: Dual Problem

In SVC, we want to solve the following problem
. — . T
min 5 ||w| subject to v,w'x, = 1foralln
w

Maybe we can write it in the standard form as

T

1
min §||w||2 subject to 1 — v, w'x, < 0foralln
W

We can see that Slater’s conditions hold: we can solve the dual problem

N
((w,A) = %HWHZ #0001 vawTa)

n=1
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Solving Dual Problem: Stationary Points
First, we find the stationary points

N
VEL(W* A") =0 v W — Z A U@y, = 0

n=1

N
o W= Z ArUn &,
n=1

The optimal model is a weighted average of data-points
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Solving Dual Problem: Find Dual Optimal
We could find the dual objective by replacing w*

N N N
E(W*7 )‘) = Z )"fl - Z Z AnAmvnv'rnmlmm
n=1

n=1m=1

and maximize it, i.e.,
N N
max A — Z Z )\n)\mvnvmwlmm
n

Or alternatively find feasible solutions to the complementary slackness

Key Observation

Optimal model is characterized only via cross-correlations
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Solving Dual Problem: Complementary Slackness

We can find X}, also via complementary slackness: at all n we need to see
A (1 — vnw*Ta:n> =0

It describes system of equations that is solved uniquely via feasibility constraints

But, without solving it, we can say that

T, = 1;then, \,, > 0

T

e |f the constraint is active, i.e., v, W*

e [f the constraint is inactive, i.e., v, w* ' x, > 1; then, \,, = 0

? Which constraints are active in SVC?!
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Active Samples in Solution of SVC

A
e e
— VW X, =1
V,W X, =
X,
1 =
2
x, [Iwl|
vwWix, >1
\ Xy vanxn >1
\\l
Support Vectors
- pp

Introduction to Machine Learning Lecture 9 © A. Bereyhi 2025

10/32



Complementary Slackness: Only Support Vectors Matter
We can hence write the solution of SVC as
N
w* = Z An VT,

——
# 0 at Support Vectors

*
= Z A Uy,
ned

n=1

This is why we call it support vector classifier

Conclusion

To find SVC, we first compute all cross-correlations x| x,,
® Using cross-correlations we can find X},
L, They are non-zero only of support vectors

° We set w to be the weighted average of support vectors
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SVC: How We Classify

Say we found the support vector and their dual variables

We set our model to

W = Z AnUnTn,

ned

? How do we classify a new sample x?
We should check the sign of

Y= wle = Z /\nvnwlw
ned

We again need only to know the cross-correlations!
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Support Vector Classifier Finding SVC

SVC Training: Visualization

\ 4
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Support Vector Classifier Finding SVC

SVC Training: Visualization
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Support Vector Classifier Finding SVC

SVC Training: Visualization
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Support Vector Classifier Finding SVC

SVC Training: Visualization
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Support Vector Classifier Finding SVC
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Support Vector Classifier Finding SVC

SVC Training: Visualization
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Support Vector Classifier Finding SVC

SVC Training: Visualization

.
>

X

X

X3

\ 4

w

W= A4x — A%, — Ayx;
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Support Vector Classifier

SVC Inference: Visualization

crogg-validation

yS
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Support Vector Classifier

SVC Inference: Visualization

crogg-validation

\ 4

yS
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Support Vector Classifier

SVC Inference: Visualization

\b crose-validation

\ 4

yS
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Challenges with SVC

\ 4
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Challenges with SVC: Outliers

\ 4
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Challenges with SVC: Nonlinear Problem

\ 4
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Solution: Soft Margin

\ 4
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Soft Margin: Trade-Off

/o
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SVC with Soft Margin Enabling Soft Margin

Soft Margin: Formulation

X;
=
[ i

o

\ 4

o

Introduction to Machine Learning Lecture 9 © A. Bereyhi 2025

28/32



SVC with Soft Margin Enabling Soft Margin

Soft Margin: Formulation
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SVC with Soft Margin

Only the constraints that are impacted: so, we can write
1 2 . T
min 5 ||w]| subject to v,w' x, > 1-&, foralln
w

forsome &, = 0
® if&, = 0w~ x, is on or out of margin
® if0<&,, < 1 vz, isin the margin

e if&, > 1w x, is misclassified
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SVC with Soft Margin

We can let &, > 0 to be tuned: we solve

N
1
min §Hw|\2 + CZ &n subject to v, w '@, = 1-&, foralln

>
W,gn =0 ne1

Here, C controls misclassification level
° ifC — 0w~ &, canbelarge
L, We have lots of misclassification
® if C' — oo v &, should be small
L, We have less misclassification
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Further Read

® Bishop

L, Chapter 6: Section 6.1 SVC Solution
e ESL

L, Chapter 12: Section 12.1 - 12.2 svC
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