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Linear Classification Problem Formulation

Binary Classification via Linear Models
Let's think of

D = {(:z:ne[Rd,vnE{O,l}> :n=1,...,N}

We focus on linear models

0 wax<0

1 whe>
[Hz{f(ac)z{ wTa: Oforallwe[Rd}

Optimal linear model is

N
1
w* = argmin — Z L (men,vn)

weRd

n=1
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Linear Classification Problem Formulation

Linear Classification: Visualization

The model is a linear transform followed by a decision-making operation

f (@) = {1 W:iB?O =s(wTw>

0 wax<0
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Linear Classification: Visualization

Assume data is in two dimensions

1 wyxry +weze =0
f(x) =
0 wiz] +weze <0

»
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Linear Classification: Empirical Risk

Typical choice of the loss function

‘C(ymvn) =1 {yn #* Un}

So the empirical risk is

R 1 X
R(W)ZNZ 1{yn # vn}

n=1

= Error Rate
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Linear Classification Learning Algorithm

Linear Classification: Empirical Risk Minimization

Optimal linear model is
1
w* = argmin — Z 1 {s <WTZB) # vn}
werd IV n—1
This is extremely non-smooth!

Note

We cannot compute gradient! So, we cannot follow the approach in linear
regression
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Old Solution: Perceptron Algorithm

1: Start with w = 0 or some small random initial value
2: while R (w) # 0do

fori=1:1do

4 Compute z; = w'a; and §; = s(2:) # pass through perceptron
6: w «— w —sign (z;) z;

7: end if
8

9:

end for
end while

Convergence

You can show that this algorithm converges, if

a line separating the two classes exists
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Alternative Solution: Treating as Regression
Another solution had been to treat it as a regression!

. 1 X N2
R(w) = N gl (WTan - vn)

e [fy, =1:setv, =1
® Then,we havew'x,, ~ 1

flx)=s(w'a)=

e |fu, =0:setv, =—1

® Then, we have w'x,, ~ —1

f(x)=s(w'z)=0
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Alternative Solution: Treating as Regression

The drawback is though that it is not robust to outliers
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Logistic Regression

Better Solution: Thresholding by Sigmoid

? Can we do anything in between?

s(w'a)
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Better Solution: Thresholding by Sigmoid

o (x),

_

&\

We can use the sigmoid function
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Logistic Regression

Classification by Sigmoid: Empirical Risk Minimization

The empirical risk is then

A= 3 X (o (7o) =)

We can now compute gradient, and look for

VR=0
Key Issue

We cannot analytically find it in linear regression!
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Logistic Regression: Soft Information

For training, we thought of regression problem

1Y 2
* : z : T
W = argmin — (U <W x) — U >
weRd Nn:1 "

? What are we doing in this approach?

5¢Y)

L4

7

Cats ok >

/N
!
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Logistic Regression: Sigmoid Output as Probability

! We know that we compute a probability

Xﬂ‘[m (Vo [ %)= r(w_’;")J? 7,?,(‘//1 /x,,_)

/D/{/‘r/létﬂé'aﬂ !

! We are learning a distribution
o (WT:B) v=1
1—0 (WT:B) v=20

Py (vlx) = {
L, We could maximize the likelihood
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Logistic Regression: Maximum Likelihood Estimate

Let's compute the likelihood of the dataset

N
L(D) = [ [ Pw (vn|zn)
n=1

We are more comfortable with log-likelihood

1N
S(D) = N Z log Py (vn|xy)

n=1

Recall: Maximum Likelihood

Find w such that the likelihood is maximized
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Logistic Regression Maximum Likelihood Learning

Logistic Regression: Maximum Likelihood Estimate

XAA[R (Vo |%2)= 0 ( W%)J— P vafs)

/D /‘;)Lr/’.ébﬂél’&ﬂ !

With y,, = o (w'a,,), we can write

log (yn) v=1
log(1—yn) v=0
= vy logy, + (1 - vn) log (1 - yn) =Sn

log Py (vn|wn) = {
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Log Likelihood versus Empirical Risk

Let's now find the maximum likelihood estimate for w
1
wr = Argmax 7;1 log Py (vn|2y)
1
= — S
argglax ¥ 1;1 "
1N
= argmin—— S
gmin— nz:]l n

This is an empirical risk minimization with

1 1
L(y,v) =—log P (v|x) = vlog; + (1—v)log1
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Logistic Regression Maximum Likelihood Learning

Sample Log Likelihood = Cross Entropy
This has a specific name: cross-entropy
Binary Cross-Entropy

Cross-entropy between binary distributions

v
v ew-]
is defined as

CE (p,q) = —qlogp — (1 — q)log (1 — p)
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Cross Entropy: Binary Case

In binary classification, we have
L(y,v) = —vlogy — (1 —v)log (1 —y)
Comparing with the definition, we see that
L(y,v) = CE (y,v)

Note

Here, we have v € {0, 1}, i.e., we have

1 v=1 0 v=1
Q(v)={0 ST, o Q(v)={1 .

This makes sense, as @) (v) is distribution of true label that is known to us
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Multiclass Classification Probability Model

Classification with Multiple Classes

? What if we got more than two classes?
! Maybe, we can scale up the idea
Say we have C different classes v,, € {1,...C}

A _dim C-dlem
} J
x,,. cxd Z

We need a function that transforms output of linear model to probabilities

y, =F(z,) =F(Wgx,)
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Multiclass Classification Probability Model

Softmax: Distribution Out of Soft Information
Softmax

Softmax transforms a C-dimensional input to a categorical distribution

Yi = [Softmax (z)]z = =

Softmax has the properties we want
® |ts output is a distribution

e The output that is larger has higher probabilities
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Maximum Likelihood via Softmax

We can again use maximum likelihood to find optimal W

e - - -
d - dim | s @ \I gt
b ! I Y|
bl Wy >, —| 8 7
: S| Vg
\ — -, |
__________ P
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Maximum Likelihood via Softmax

We can again use maximum likelihood to find optimal W

N
1
W* = in — —log P
ar%nnN,;l og W(Un|il3n)
N
= argmin — lo
w Nngl

We can alternatively use one-hot representation of labels

[0] index 1

u, = | 1| index v,, v~ log B Z un i) log y, |7
. . n
| 0| index C
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Multiclass Classification Maximum Likelihood Learning

Cross Entropy: General Form

Cross-Entropy

Cross-entropy between two categorical distributions p and q is defined as
@
CE(p,q) = — ). ¢ilogpi
i=1
So, we could say

N
. 1
W* = ar%mn N Z CE (y,,,u,)

n=1

We could again say ‘ Maximum Likelihood = Sample Mean CE Minimization
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Further Read

® Bishop

L, Chapter 4: Sections 4.1 - 4.2 Linear Classification
e ESL

L, Chapter 4: Section 4.1 - 4.2 Linear Classification
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