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Recap: K-Means Clustering

Recap: K-Means Clustering Algorithm

K-Means():
1: Initiate µ1, . . . ,µK2: while µ1, . . . ,µK changing do3: Set C1, . . . , CK Ð Cluster_Assignmentpµ1, . . . ,µKq4: Update µ1, . . . ,µK Ð Centroid_UpdatepC1, . . . , CKq5: end while6: Return µ1, . . . ,µK

Cluster_Assignmentpµ1, . . . ,µKq:

index of cluster for xn Ð argmin
kPt1,...,Ku

∥xn ´ µk∥

Centroid_UpdatepC1, . . . , CKq:

µk Ð average txn P Cku “
1

|Ck|
ÿ

xnPCk

xn
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Notion of Risk Reformulating Clustering Problem

K-Means Clustering is Good!
When we derived theK-means clustering algorithm, we considered

K-centroid model for clustering, i.e.,

f pxq “ argmin
kPt1,...,Ku

∥x ´ µk∥

forK centroids µ1, . . . ,µK P Rd

K-means clustering is a learning algorithm
A : D ÞÑ µ˚

1 , . . . ,µ
˚
K

� We claim it finds a good model
? How can you define “good” set of centroids?
� Let’s see
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Notion of Risk Reformulating Clustering Problem

Clustering: Alternative Formulation
We have datasetD: we want to

group samples intoK clusters described byK centroids

For each xn P D, we defineK weights rn,1, . . . , rn,K

rn,k “

#

1 if xn P Ck
0 otherwise

Properties of rn,k

K
ÿ

k“1

rn,k “ 1 and
N
ÿ

n“1

rn,k “ |Ck|
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Notion of Risk Reformulating Clustering Problem

K-Means Clustering: Alternative Formulation
Cluster_Assignmentpµ1, . . . ,µKq:
1: for n “ 1 : N do2: AssignK weights rn,1, . . . , rn,K to sample xn as

rn,k “

#

1 if µk “ closest centroid to xn

0 otherwise
3: end for4: Return rn,k for k “ 1 : K and n “ 1 : N
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Notion of Risk Reformulating Clustering Problem

K-Means Clustering: Alternative Representation
Centroid_Updateptrn,kuq:
1: for k “ 1 : K do2: if

ř

n rn,k ą 0 then3: Move µk to the center of cluster k, i.e.,

µk “

N
ÿ

n“1

rn,kxn

N
ÿ

n“1

rn,k

4: else5: Leave µk unchanged6: end if7: end for8: Return µ1, . . . ,µK
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Notion of Risk Reformulating Clustering Problem

K-Means Clustering: Alternative Representation
We could iterate till we converge

K-Means():
1: Initiate µ1, . . . ,µK2: while µ1, . . . ,µK changing do3: Set trn,ku Ð Cluster_Assignmentpµ1, . . . ,µKq4: Update µ1, . . . ,µK Ð Centroid_Updateptrn,kuq5: end while6: Return µ1, . . . ,µK
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Notion of Risk Reformulating Clustering Problem

Defining Objective: Risk
? Where should be good centroids?
� Probably, close to the samples of that cluster!

Let’s aggregate how far samples are from their centroid
J ptrn,ku , tµkuq “

1

N

K
ÿ

k“1

N
ÿ

n“1

rn,k∥xn ´ µk∥2

‚ rn,k∥xn ´ µk∥2 is non-zero only if xn P Ck
‚ Sum over n aggregates distances of samples in cluster k from µk

‚ Sum over k aggregates distances of all samples from their clusters

We compute how far each point is in average from its centroid
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Notion of Risk Reformulating Clustering Problem

Notion of Optimality
? Where should be good centroids?
� Probably, close to the samples of that cluster!

Optimal Clustering withK-Centroid Models
Optimal assignments tr‹

n,ku and centroids tµ‹
ku minimize the risk

␣

r‹
n,k

(

, tµ‹
ku “ argmin

trn,ku,tµku

J ptrn,ku , tµkuq
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Clustering by Risk Minimization Alternating Optimization

Clustering by Risk Minimization
Risk minimization for clustering is hard, so we can use alternating optimization

Risk_Minimzation():
1: Initiate µ˚

1 , . . . ,µ
˚
K2: while µ˚

1 , . . . ,µ
˚
K changing do3: Minimize the risk for fixed centroids ␣µ˚

k

(

␣

r˚
n,k

(

Ð argmin
trn,ku

J
`

trn,ku,
␣

µ˚
k

(˘

4: Minimize the risk for fixed assignments ␣r˚
n,k

(

␣

µ˚
k

(

Ð argmin
tµku

J
`␣

r˚
n,k

(

, tµku
˘

5: end while6: Return µ˚
1 , . . . ,µ

˚
K « µ‹

1, . . . ,µ
‹
K
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Clustering by Risk Minimization Alternating Optimization

Clustering via Risk Minimization
Minimize the risk for fixed centroids tµ˚

ku

␣

r˚
n,k

(

“ argmin
trn,ku

J ptrn,ku, tµ˚
kuq

“ argmin
trn,ku

1

N

K
ÿ

k“1

N
ÿ

n“1

rn,k∥xn ´ µ˚
k∥2

“ argmin
trn,ku

1

N

N
ÿ

n“1

`

rn,1∥xn ´ µ˚
1∥2 ` . . . ` rn,K∥xn ´ µ˚

K∥2
˘

So, the solution is given by setting for each n

r˚
n,k “

#

1 if k “ argminjPt1,...,Ku∥xn ´ µj∥
0 otherwise
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Clustering by Risk Minimization Alternating Optimization

Clustering via Risk Minimization
Minimizing the risk for fixed centroids tµ˚

ku is accomplished as

Cluster_Assignmentpµ1, . . . ,µKq:
1: for n “ 1 : N do2: AssignK weights r˚

n,1, . . . , r
˚
n,K to sample xn as

r˚
n,k “

#

1 if k “ argminjPt1,...,Ku∥xn ´ µj∥
0 otherwise

3: end for4: Return r˚
n,k for k “ 1 : K and n “ 1 : N
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Clustering by Risk Minimization Alternating Optimization

Clustering by Risk Minimization
Minimize the risk for fixed assignments

!

r˚
n,k

)

tµ˚
ku “ argmin

tµku

J
`␣

r˚
n,k

(

, tµku
˘

“ argmin
tµku

1

N

K
ÿ

k“1

N
ÿ

n“1

r˚
n,k∥xn ´ µk∥2

“ argmin
tµku

1

N

K
ÿ

k“1

˜

ÿ

xnPCk

∥xn ´ µk∥2
¸

The solution for each k is given by

µ˚
k “

1

|Ck|
ÿ

xnPCk

xn
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Clustering by Risk Minimization Alternating Optimization

Clustering by Risk Minimization
Minimizing the risk for fixed assignments

!

r˚
n,k

)

is done by

Centroid_Update
`␣

r˚
n,k

(˘

:
1: for k “ 1 : K do2: if

ř

n r˚
n,k ą 0 then3: Move µk to the center of cluster k specified by r˚

1,k, . . . , r
˚
N,k4: else5: Leave µk unchanged6: end if7: end for8: Return µ1, . . . ,µK

Introduction to Machine Learning Lecture 1 © A. Bereyhi 2025-2026 14 / 28



Clustering by Risk Minimization Alternating Optimization

Clustering by Risk Minimization

Risk_Minimzation():
1: Initiate µ˚

1 , . . . ,µ
˚
K2: while µ˚

1 , . . . ,µ
˚
K changing do3: Minimize the risk for fixed centroids ␣µ˚

k

(

␣

r˚
n,k

(

Ð Cluster_Assignment
`

µ˚
1 , . . . ,µ

˚
K

˘

4: Minimize the risk for fixed assignments ␣r˚
n,k

(

␣

µ˚
k

(

Ð Centroid_Update
`␣

r˚
n,k

(˘

5: end while6: Return µ˚
1 , . . . ,µ

˚
K « µ‹

1, . . . ,µ
‹
K

So we conclude that
Risk_Minimzation() ” K-Means()
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Clustering by Risk Minimization Evaluating Learned Model

K-Means Clustering ” Risk Minimization

Risk also gives us means to evaluate the learned pattern
Back to our binary example
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Clustering by Risk Minimization Evaluating Learned Model

More Sophisticated Example: Segmentation1
Each RGB pixel is a sample xn P R3: we cluster withK “ 10K “ 3K “ 2

1This example is taken from Bishop’s book, Chapter 9
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Clustering by Risk Minimization Evaluating Learned Model

Choice of Hyperparameter
? How do we knowK?
� This is a hyperparameter
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Clustering by Risk Minimization Probabilistic Viewpoint

K-Means Clustering Always Converge
? DoesK-means clustering always converge to a stable state?
� Yes! You can show it!

However, it does not necessary end with what we want!2

2This example is taken from MacKay’s book, Chapter 20
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Clustering by Risk Minimization Probabilistic Viewpoint

Soft Clustering
Recall that

K
ÿ

k“1

rn,k “ 1

? What if we think of any rn,k P r0, 1s?!
Probabilistic Assignment
In probabilistic assignment we assume rn,k P r0, 1s such that

K
ÿ

k“1

rn,k “ 1

rn,k is hence a probability, i.e., probability of xn P Ck
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Clustering by Risk Minimization Probabilistic Viewpoint

Risk as Expected Error
By this viewpoint, we can interpret the risk as an expected error
Risk ” Expected Error
Let rn,k be probability of xn P Ck

J ptrn,ku , tµkuq “
1

N

K
ÿ

k“1

N
ÿ

n“1

rn,k∥xn ´ µk∥2

“ E tE pxqu

with E pxq quantifying how bad we have classified, i.e.,

E pxq “ ∥x ´ cluster pxq∥2
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Clustering by Risk Minimization Soft Clustering

Soft Clustering
We could revise our algorithm for soft clustering
Soft Clustering withK-Centroid Model
Optimal assignments tr‹

n,ku and centroids tµ‹
ku minimize the risk

␣

r‹
n,k

(

, tµ‹
ku “ argmin

trn,ku,tµku

J ptrn,ku , tµkuq

for µk P Rd and rn,k P r0, 1s such that

K
ÿ

k“1

rn,k “ 1.
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Clustering by Risk Minimization Soft Clustering

SoftK-Means Clustering Algorithm
Soft_Cluster_Assignmentpµ1, . . . ,µKq:
1: for n “ 1 : N do2: AssignK weights rn,1, . . . , rn,K to sample xn for some β as

rn,k “
e´β∥xn´µk∥

2

K
ÿ

k“1

e´β∥xn´µk∥
2

3: end for4: Return rn,k for k “ 1 : K and n “ 1 : N

? Does it remind you of any distribution?!
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Clustering by Risk Minimization Soft Clustering

SoftK-Means Clustering Algorithm
Centroid_Updateptrn,kuq:
1: for k “ 1 : K do2: Move µk to the center of cluster k, i.e.,

µk “

N
ÿ

n“1

rn,kxn

N
ÿ

n“1

rn,k

3: end for4: Return µ1, . . . ,µK
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Clustering by Risk Minimization Soft Clustering

SoftK-Means Clustering Algorithm
We could iterate till we converge

Soft_K-Means():
1: Initiate µ1, . . . ,µK2: while µ1, . . . ,µK changing do3: Set trn,ku Ð Soft_Cluster_Assignmentpµ1, . . . ,µKq4: Update µ1, . . . ,µK Ð Centroid_Updateptrn,kuq5: end while6: Return µ1, . . . ,µK
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Clustering by Risk Minimization Gaussian Prior Assumption

Gaussian Prior
K-means assumes Gaussian distributed data!

Introduction to Machine Learning Lecture 1 © A. Bereyhi 2025-2026 26 / 28



Clustering by Risk Minimization Gaussian Prior Assumption

Gaussian Prior
We understand it better if we discuss

Density Learning

This is what we do next!
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Clustering by Risk Minimization Further Read

Further Read
‚ MacKay

ë Chapter 20 SoftK-means
‚ Bishop

ë Chapter 9 K-means
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